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Introduction.
In this paper we shall derive the basic quantities of Riemannian geometry, such as parallelism, curvature tensors, and so on, from a consideration of all linear frames in the various tangent spaces. This procedure has the advantage of subsuming both the classical approach through local coordinate frames and the more modern approach through orthonormal frames. The exact connection between these methods is thus made quite explicit.
The principal machinery used here is the exterior differential calculus of E.
Cartan. (See [ 1, p.201-208; 2, p.33-44; 3, p.4-6; 4, p. 146-152; 7, p.3-10] .) We shall follow the notation of Chern [3] with exceptions that we shall note in the course of the paper. It is important to keep in mind the following specific points of this calculus.
On a differentiable manifold of dimension n one has associated with each p = 0, 1, 2, the linear space of exterior differential forms of degree p (pforms). The coefficients form the ring of differentiable functions on the manifold. The 0-forms are simply the functions themselves, and the only p-form with p > n is the form 0. Locally, if u ι , ••• , u n is a local,coordinate system then a oneform ω may be written (1.1) ω-Σ/ U)** 1 ';
and, more generally, a p-form ω may be written 
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If ω is a p-form and η a ^-form, then
is the exterior product of ω and 77, and is a (p + g)-form.
The operation d of exterior differentiation is intrinsically characterized by the following properties:
where /is a 0-form (function) and (u) is a local coordinate system;
p ωdη, where ω is a p-form.
We shall also use matrices whose elements are differential forms. If A is such a matrix, t A will denote its transpose and dA will denote the matrix whose elements are obtained by applying d termwise to the elements of A. If A and B are square matrices of p-forms and qr-forms respectively, then it follows from (1.3) that
If A is a nonsingular matrix of functions (0-forms), then
This is the case because AA~X =1, the identity matrix, hence
2. Linear frames. We shall now define the objects of this investigation. We begin with a differentiate manifold Sί of dimension n and class C°°. (See [8, p.20] .) On such a manifold one may form the space C(3?) of all infinitely differentiable real-valued functions on 3?. If P is a point of J?, a tangent vector at P is an operator v on C(Ψκ) to the reals satisfying ginC(ίl) . The vectors of (2.1) in fact form a basis for the tangent space of each P in 11.
A vector field {vector, for short) is an assignment of a tangent vector \ p at P to each point P of 3? [5, p. 82-83] . In terms of the basis (2.1), one may write a given vector field v on 11 as follows:
Here we use the Einstein summation convention, as we shall do in what follows.
The vector field v is infinitely differentiable if each of the coordinate functions λ ι of the variables υJ is so. In the future we shall deal only with this kind of vector so that "vector field" or "vector" will always mean infinitely differentiable vector. It is important to note that that this definition is independent of the particular local coordinate system we have choosen, since a change in local coordinates merely effects a nonsingular linear transformation with C°° coefficients on the λ ι , in accordance with the usual tensor rules.
By a linear frame we shall mean a set e lf « , e Λ of vectors which form a basis for the tangent space at each point P of a given coordinate neighborhood U. One may visualize this as a choice of oblique coordinates in each of the tangent spaces at the various points of U in such a way that the coordinate axes and units vary smoothly in moving from point to point. The vectors of (2.1) form an example of a linear frame, and we shall call such a frame a coordinate frame to indicate that it is derived from a local coordinate system.
The manifold 5? is called a Riemannian space if it carries the following additional structure. For each P in J? one is given an inner product in the tangent space at P, making this space into a euclidean space. This assignment of inner products to the various tangent spaces must be infinitely differentiate in the following sense. If v and w are any two vectors on 3ί, then v w, the inner product of v and w, which clearly is a point function on Jί, must be of class C°°. This implies (and is equivalent to) the following. If e p ••• , e n is the coordinate frame of (2.1), then
where the functions g., are C°° functions on U. In this case one custimarily
where { } denotes the ordinary tensor product of the differentials, as distinguished from the exterior product.
An orthonormal frame βp ••• , β n is a frame satisfying (2.6) e; e k = δ k , the Kronecker δ.
If e ι t , e n is a frame on the space 3ΐ, then there is uniquelly determined a 3. Existence of parallel displacement. We shall now generalize the development of [3, § 5] . We first of all select a linear frame e l9 , e n , and have
where P is the variable point of 11 and the σ ι are one-forms on 11. We set
which defines a positive definite symmetric matrix || g ik \\ of functions on 11.
We next wish to define differential forms ωί of degree 1 so that if we set (3.14) . Thus formula (3.1) of [3] results. In view of these special cases and the right side of (3.14), it would appear that somehow a general frame can be decomposed into a coordinate frame and an orthonormal frame.
This possibility seems worthy of further investigation.
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We now can express our result in a convenient matrix form. We set If we express these forms in terms of the basis σ, we obtain the coefficients of the covariant derivative of λ:
. σ>, or Z)λ = λ,σ, where λ, = || λ\j ||.
One deals with covariant (form) fields and tensor fields similarly. Suppose for example that This again defines the covariant derivative 4. Consequences; the curvature forms and the Bianchi identities. We begin with the basic relations (3.17) . By differentiating the first of these, c?σ = σΩ, we obtain 0 = dσίl -σdύ = σ(Ω 2 -rfΩ).
Thus if we set Next we obtain the main transformation law: Proof. According to Theorem 3.1, the matrix Ω* is uniquely determined by the formulas rfσ* = σ*Ω*, Ω*C* + G* Ώ* = dG*.
By differentiating (5.2), we obtain
which shows that the expression given in (5.4) satisfies the first of these conditions. The verification of the second condition is this: 6. The volume element and Gaussian curvature. We set
Thus γ is a nonzero ra-form on U. Here | G | denotes the (positive) determinant of the positive-definite matrix G. It follows from equations (5.2) It is thus possible to define the volume of an orientable ^-dimensional portion of 3x by integrating γ over that portion.
We now borrow some information from the theory of skew-symmetric matrices.
Let S= ll^iyH be a generic skew-symmetric matrix of even dimension n = 2m.
Then there is a unique homogeneous polynomial P {xη) of degree m with the following properties:
(b) if S* = AS t A 9 where A is nonsίngular, then ?(**.)= \A\ P(*. ; .); (c) P has value 1 for the specialization
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Now assume that our space $t has even dimension n = 2m. The matrix // = Θ G is skew-symmetric, by equations (4.7) and (4.9). Also the elements of H are 2-forms, and hence lie in the commutative ring generated by all forms of even degree. We set
This form ξ is of degree n and is called the Gaussian curvature form [5] . When we combine (b) above with equation (6.2), we obtain the transformation law
Since γ is a nonzero rc-form, and there is only one linearly independent rc-form,we
where K is a function called the Gaussian curvature. We may combine (6.3) with (6.5) to obtain the intrinsic character of this quantity:
(6.7) K* = K.
7.
A property of | G\ In this section we shall set g-\G\.
The equation ( The following result is known [1, p. 44] for the classical case of a local coordinate frame. Proof of Theorem 7.1. We shall first show that the formula (7.1) is valid, provided that it is valid for a single moving frame. We have, under the change of frame ( Finally, we note that for an orthonormal frame, Ω is skew-symmetric, hence S(Ω) = 0, while G = /, g = 1, and so g" 1 dg = 0.
